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The goal of this work is to quantify uncertainty in the level of noise reaching the ground
from supersonic aircraft at cruise conditions. To cope with uncertainty in the state of
the atmosphere, the temperature and relative humidity profiles are parameterized using
a Karhunen-Loève expansion based on a novel formulation involving dew point temper-
ature. The noise statistics are evaluated with sparse quadratures. The flow simulations
use nearfield-farfield domain decomposition. In the nearfield, the three-dimensional Euler
equations are solved to obtain a pressure signature generated by the aircraft. In the farfield,
this waveform is propagated to the ground by solving the augmented Burgers’ equation.
The use of sparse quadratures together with the domain decomposition approach enables
efficient uncertainty assessment that minimizes the number of expensive nearfield simu-
lations. The results show that truncating the Karhunen-Loève expansion after six terms
is sufficient to model the atmospheric uncertainty accurately. This expansion is used in
conjunction with uncertainty in flight conditions to estimate the ground noise statistics for
the planned acoustic validation flights of the X-59 aircraft. We identify the atmosphere
as the primary source of uncertainty, which causes dispersions in noise metrics of 4 to 8%.
Furthermore, assuming a fixed aircraft weight and trim, no winds and ignoring the effects
of atmospheric turbulence, the results show that the probability of satisfying a perceived
level of loudness limit of 75 dB is 92%.

I. Introduction

Acoustic signatures of quiet supersonic aircraft are affected by many sources of uncertainty.1–4 Perhaps
the most obvious and concerning uncertainty stems from the propagation of pressure waveforms from

the tropopause through a stratified and windy atmosphere to the ground. In particular, fluctuations in
temperature, relative humidity and wind have a significant influence on the attenuation of the waveform, its
arrival time, ground intercept and resulting noise.5–8 The goal of this work is to characterize the effect of
these uncertainties by efficiently estimating the mean and standard deviation of sonic-boom noise metrics.9 In
addition, by explicitly constructing the cumulative distribution function, we seek to estimate the probability
of not exceeding specified noise limits due to supersonic cruise.

In previous work,10 we investigated multilevel numerical quadratures coupled nonintrusively with high-
fidelity simulations to characterize uncertainty in acoustic signatures of low-boom aircraft. The simulations
used the standard nearfield-farfield domain decomposition approach illustrated in Fig. 1. The results show
that in the nearfield, the probability density function of the pressure waveform is locally bimodal due to
shocks. In contrast, the ground pressures of shaped signatures do not contain discontinuities, and we found
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the waveform and noise metrics to be normally distributed. Hence, the mean and standard deviation statistics
are sufficient to characterize the uncertainty in noise on the ground. These results were obtained using dense
quadratures, which limited the problem size to fewer than five variables, such as Mach number, angle of
attack, cruise altitude, the ground reflection factor and ground elevation.

Figure 1: Sonic-boom domain decomposition

The goal of this work is to efficiently handle uncertainty
in the state of the atmosphere. Previous studies on the influ-
ence of atmospheric uncertainty on acoustic signatures3,11–15

provide a limited statistical assessment. This is because they
exclusively rely on measured profiles of the atmosphere or
apply random perturbations about selected mean profiles.
A promising multivariate surrogate approach is proposed by
Lazzara et al.6 that is based on altitude correlations and
Monte Carlo sampling.

To develop a stochastic model of the atmosphere, we
treat the temperature and relative humidity profiles as
correlated, Gaussian-process random fields. We represent
these fields using a truncated Karhunen-Loève (KL) expan-
sion16–18 that is based on the mean and covariance of a
large dataset of measured profiles. This way the modeled
temperature and relative humidity profiles are anchored to
observations, and we obtain a parametric, low-dimensional
model of the atmosphere. The main idea was proposed by
Lorenz19 in 1956, who applied it to modeling sea-level pres-
sure at 64 stations in the US and Canada. More recently,
similar approaches have been explored by Albert et al.,20 who used KL expansions for atmospheric density
fluctuations in planetary entry, and by Wang et al.21 for stochastic wind models in flight safety applications.
We introduce a novel formulation of modeling the temperature and relative humidity profiles through use of
a dew point transformation. To control bias in the statistics, the simulations leverage discretization error
control via adaptive mesh refinement in the combined nearfield-farfield domain.22

The results are presented in two parts. In the first part, we validate the KL expansion of atmospheric
profiles by using comparisons with historical observations over the past twenty years at Edwards Air Force
Base, California. Edwards is of particular interest — not only have many sonic-boom tests occurred there,
but also it is the location for the planned acoustic validation flights of the X-59.23 We study the number of
variables required in the KL expansion to match the statistics of the observed profiles. In the second part,
we demonstrate efficient uncertainty quantification in noise predictions on a realistic test case based on the
X-59 aircraft, accounting for randomness in flight and atmospheric conditions.

II. Problem Formulation and Governing Equations

To compute the level of noise reaching the ground, the problem domain is divided into overlapping nearfield
ΩN and farfield ΩF regions, as illustrated in Fig. 1. In the nearfield, we solve the steady, three-dimensional
Euler equations governing compressible flow of a perfect gas to determine the nearfield pressure signature.
For a finite region of space with volume V and surface area A, the integral form of the Euler equations is
given by

d

dt

∫
V

Q⃗ dV +

∮
A

F̄ · n̂ dA = 0 (1)

where Q⃗ = [ρ, ρU⃗, ρE ]T = [ρ, ρu, ρv, ρw, ρE ]T are the non-dimensional conserved variables, and

F̄ · n̂ =

 ρUn

ρUnU⃗+ pn̂

(ρE + p)Un

 (2)

where Un = U⃗ · n̂ and n̂ is the outward facing unit normal. In the farfield, the evolution of the nearfield
waveform as it descends through a stratified and windy atmosphere to the ground is modeled using geometric
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acoustics in conjunction with the augmented Burgers’ equation24–26
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where P = p0

pr
p′ is a pressure perturbation p′ scaled by the ratio of local ambient and reference pressures.

Equation 3 is in non-dimensional form and is solved in the (ς, τ) domain, where ς is the distance along a
ray path between the aircraft and the ground, and τ is the retarded time along the signature. Cν is the
dispersion parameter, Γ the thermoviscous parameter, θν the molecular-relaxation time parameter of the νth

relaxation process, ρ0 and c0 the local density and speed of sound, respectively, and S the ray tube area.
Equations 1 and 3 are coupled at a boundary condition located a few body lengths away from the aircraft

P (ς = Ac − L⊥, τ) = p′(x) x ∈ ℓ ∈ ΩN (4)

where Ac is the cruise altitude, L⊥ is the normal distance between the aircraft’s flight path and the location
of the line sensor ℓ that is used to extract the pressure signature p′ = (p − p∞)/p∞ from ΩN. Note that
L⊥ ≪ Ac and that the steady pressure signature along ℓ initializes the propagation in the time domain, i.e.,
along τ , based on the cruise Mach number of the aircraft.

The primary output quantities of interest are the ground pressure signature and loudness metrics, namely
the various weightings of the sound exposure levels (A/B/C/D/E-SEL [dB]), the perceived level of loudness
(PL [dB]) and the Indoor Sonic Boom Annoyance Predictor (ISBAP [dB]).9 These are not only evaluated
directly under the flight path (on-track), as indicated in Fig. 1, but also off-track to determine the full
sonic-boom carpet.1,9

To characterize uncertainty in an output, J , such as PL, we seek to determine the expectation (mean) and
variance (square of standard deviation) statistics. Let ξ denote an input random variable of the simulation,
e.g., uncertainty in cruise Mach number, that is distributed by a probability density function f (ξ). The
expectation is given by

E[J(p(x, ξ))] =

∫
J(p(x, ξ))f (ξ)dξ (5)

where we emphasize the dependence of the functional J on the pressure signature p(x, ξ) and note that J
may be a scalar, e.g., a loudness metric, or a vector, e.g., a pressure signature. The variance and standard
deviation are given by

V [J ] = σ2[J ] =

∫
(J − E[J ])2f (ξ)dξ (6)

Furthermore, we seek to characterize the uncertainty in J by estimating its probability density function p

Prob[a ≤ J ≤ b] =

∫ b

a

p(ξ)dξ (7)

and the cumulative distribution function

FJ(a) = Prob (J ≤ a) (8)

which allows us to determine the probability of not exceeding specified performance goals.

III. Atmospheric Data

The influence of the atmosphere on the acoustic signature is represented in Eq. 3 by terms ρ0, c0 and
the relaxation time parameter θν . The relaxation time depends not only on local temperature and pressure,
but also on the water content (relative humidity) of the air.24,26 Furthermore, the acoustic ray path depends
on temperature stratification and winds, which also affect the Blokhintzev invariant and convection during
propagation.25 All meteorological conditions are obtained from the European Centre for Medium-Range
Weather Forecasts ERA5 reanalysis database.27 The atmospheric profiles are available at 0.25◦ resolution in
latitude and longtitude at hourly intervals.

We use a 20-year window of atmospheric observations (2003-2022) at Edwards AFB, California. Pressure,
temperature, relative humidity and horizontal winds are sampled at preset isobaric values, which results in

3 of 19



0 20 40 60 80 100
Pressure (kPa)

0

5

10

15

20

A
lti

tu
de

 (k
m

)
Cruise Altitude

-80 -60 -40 -20 0 20 40
Temperature (°C)

0

5

10

15

20

A
lti

tu
de

 (k
m

)

Cruise Altitude

0 25 50 75 100
Relative Humidity (%)

0

5

10

15

20

A
lti

tu
de

 (k
m

)

Cruise Altitude

Figure 2: Atmospheric data over Edwards AFB (elevation 704 m). Each plot contains 620 profiles obtained
from 2003 to 2022 during August at 10 am local time. Also shown are mean profiles (solid-white) and
standard-atmosphere profiles (solid-black) for T and RH.

25 samples between the ground height at Edwards (elevation 704 m) and the cruise altitude of approximately
16 km. Since mornings are more likely times for test flights, we select 10 am local time (18:00 UTC) and
pick the month of August. Selecting a particular month and time minimizes seasonal and diurnal cycles from
biasing the statistics. Figure 2 shows the pressure, temperature and relative humidity data, where we plot
620 profiles corresponding to all 10 am August 2003-2022 data. The temperature and relative humidity plots
also show the mean profiles (solid-white) and the standard-atmosphere profilesa (solid-black). The desert
location of Edwards features low humidity and high summer temperatures. We assume no clouds28 or winds,
and ignore the effects of atmospheric turbulence.29

IV. Numerical Methods

A. Nearfield and Farfield Solvers

In the nearfield, we use the Cart3D solver.30–33 Equation 1 is discretized on a multilevel Cartesian mesh with
embedded boundaries. The mesh consists of regular Cartesian hexahedra everywhere, except for a layer of
body-intersecting cells, or cut cells, adjacent to the wetted surface of the aircraft. The spatial discretization
uses a cell-centered, second-order accurate finite volume method. Steady-state flow solutions are obtained
using a five-stage Runge–Kutta scheme with local time-stepping, multigrid, and a domain decomposition
scheme for parallel computing. All boundary conditions are enforced weakly. The implementation used in
this work is Cart3D version 1.5.9.34

In the farfield, we solve Equation 3 using the sBOOM shock propagation solver developed by Rallab-
handi25,35 to propagate a waveform extracted from the nearfield and to compute the loudness metrics.
Equation 3 is solved in the time domain using operator splitting along ray paths that account for the state
of the atmosphere. The implementation used in this work is sBOOM version 2.9.1.36 Both solvers have been
thoroughly validated.37–40

B. Statistics

Uncertainty estimates are obtained via the QUEST software developed by Barth.18,41–43 Equations 5 and 6
are evaluated through use of numerical integration, where the integrals are converted to a summation over
N realizations of the output (simulations) corresponding to N quadrature values of the random variable ξ

JH(pH(x, ξ1)), JH(pH(x, ξ2)), . . . , JH(pH(x, ξN )) (9)

aTemperature from US Standard Atmosphere (1976); relative humidity from ANSI S1.26, Annex C
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(c) Gauss-Patterson quadrature points

Figure 3: Node-nested quadrature points from Clenshaw-Curtis and Gauss-Patterson formulas (right) for a
normally distributed input random variable (left)

This is accomplished by first transforming Eq. 5 to a more convenient form

E[J ] =

∫
J(p(x, ξ(ω)))dω (10)

using the mapping dω = f (ξ)dξ and applying N -point quadrature. This results in a discrete form of Eq. 10
given by

EN [JH ] = µ =

N∑
i=1

(w JH)i (11)

where the w values are quadrature weights. For example, if ξ is the freestream Mach number, then statistics
for the loudness metrics due to variability in the input Mach number are determined from N independent
simulations.

Clenshaw-Curtis44 and Gauss-Patterson45 formulas are used to set the quadrature points and weights.
The quadratures are implemented in a hierarchical, node-nested form. The number of points N is expressed
as a function the of the quadrature level L. For both quadratures, N(L = 1) = 1. When L > 1, the Clenshaw-
Curtis quadrature requires N = 2L−1 + 1 points. The Gauss-Patterson quadrature requires N = 2L − 1
points. Figure 3 illustrates the node nesting of both quadratures for a normally distributed random variable
with zero mean and unit variance truncated at 3σ, ξ = N3σ(µ = 0, σ2 = 1). In practice, L < 3 quadratures
are too coarse. We use L = 4 in this work. The Gauss-Patterson quadrature is generally more accurate, but
the Clenshaw-Curtis quadrature requires fewer points.

So far, the discussion considered a single random variable. A limitation of dense quadratures is that
the number of quadrature points N increases exponentially with the number of random variables, D. For
example, for the Clenshaw-Curtis quadrature N = (2L−1 + 1)D. This means that for a modest problem with
D = 8 sources of uncertainty evaluated using L = 4 quadrature, N = 98. This is more than 43 million points,
which is not practical when a high-fidelity simulation is involved at each point. Sparse Clenshaw-Curtis and
Gauss-Patterson quadratures can be used to dramatically reduce the computational cost when the problem
is sufficiently smooth.18 The number of quadrature points is proportional to O(D2L−1/(2L− 1)!). For our
(D = 8, L = 4) example, the number of points is reduced from 43 million to a practical 849. While the details
can be found in Refs. 18 and 43, here it is sufficient to understand the sampling patterns. Figure 4 shows the
quadrature point locations for a problem with two sources of uncertainty, ξ1−2 = N3σ(µ = 0, σ2 = 1), and
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(a) Clenshaw-Curtis, 29 points
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Figure 4: Sparse (L = 4) quadrature point locations for two random variables, ξ1−2 = N3σ(µ = 0, σ2 = 1)

L = 4. Along the main axis of each variable, the points are identical to those shown in Fig. 3. In contrast to
the Gauss-Patterson quadrature, the Clenshaw-Curtis quadrature samples at the limits of each distribution
before adding internal points.

Kernel density estimation is used to generate the probability density function p in Eq. 7. The approach
is described by Barth18,42,43 and is based on a Gaussian kernel. A response surface for J is constructed
from the N quadrature points to allow draws from a large population of samples (≫ N) efficiently. Mean-
value conditional standard-deviation fractions43 are used to rank the input random variables based on their
contribution to the standard deviation of J

Ri =
σi[J | ξj ̸=i = µj ̸=i]

σ[J ]
(12)

where the subscript i denotes the ith input random variable ξi and j is the set of random variables not ξi.

C. Karhunen-Loève (KL) Expansion

The atmospheric profiles presented in Section III can be viewed as an ensemble of random fields

w = {w1, . . . ,wk, . . . ,wK} (13)

where wk represents a profile of one of the measured variables, e.g., pressure, temperature or relative humidity.
Each wk consists of M discrete data points in altitude, wk ∈ RM , and there are a total of K profiles in
the ensemble. The data is correlated in altitude. For example, temperature fluctuations at one altitude are
likely to affect the temperatures at nearby altitudes. Our goal is to construct a compact, stochastic model
of the atmosphere. In other words, we seek a parametric representation of the members of {wk} in terms
of independent (uncorrelated) and identically distributed random variables suitable for integration with the
quadrature methods described in Section B.

The Karhunen-Loève (KL) expansion16–18 is an optimal compression technique for Gaussian process
correlated random fields. The expansion is traditionally applied to continuous fields. Since the atmospheric
data is sampled at discrete intervals, we use a discrete analogue of the KL expansion, frequently called
principal component analysis. Each profile is modeled in the following form

w̃k = µ(w) +w′
k = µ(w) +

M∑
i=1

ξi(ω)
√
λiϕi (14)

where µ(w) is the mean profile of the measured ensemble, w′
k is a perturbation and λi,ϕi are eigenpairs

associated with the sample covariance matrix

C =
1

K − 1
WWT (15)
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The matrix W is formed from the data by subtracting the mean

W = [w1 − µ(w), . . . ,wK − µ(w)] (16)

The parameters ξi(ω) in Eq. 14 are the independent random variables that parameterize the ensemble. Each
variable is normally distributed with zero mean and unit variance, ξ1−M = N (µ = 0, σ2 = 1). The random
process is completely parameterized by the M eigenpairs and the associated ξM random variables.

To compress the parameterization, we truncate the KL expansion. Note that C is symmetric with M
real and non-negative eigenvalues. The eigenvalues are sorted in descending order

λ1 ≥ λ2 ≥ · · · ≥ λm ≥ · · · ≥ λM (17)

where λ1 is the largest eigenvalue of C. The sum in Eq. 14 is truncated after m < M terms corresponding to
the m largest eigenvalues, indicated by KLm notation. Choosing m is guided by recognizing that the total
variance of the ensemble is given by

V [w′] = E
[
(w′)2

]
=

M∑
i=1

λi (18)

and defining the cumulative variance ratio based on the variance of the truncated expansion

VCR =

∑m
i=1 λi∑M
i=1 λi

(19)

Setting m so that VCR is above a user-specified threshold ensures that the total variance of the truncated
expansion is sufficiently close to the variance of the measurements. Additional criteria, e.g., local maximum
error tolerances, are usually required to check that the distribution of variance along the mean profile is
acceptable.

V. Results

A. Stochastic Model of the Atmosphere for Edwards AFB

−20 −15 −10 −5
Temperature (◦C)

0

20

40

60

80

N
um

be
r

of
S

am
pl

es

0 20 40 60 80 100
Relative Humidity (%)

0

20

40

60

80

100

120

140

N
um

be
r

of
S

am
pl

es

Figure 5: Histograms from measured temperature (left) and relative humidity (right) data at 6.7 km altitude

We begin by assessing the atmospheric data shown in Fig. 2 for KL representation. Recall that KL
expansions presume a Gaussian process that is not bound by strict intervals. Figure 5 shows histograms of
temperature and relative humidity from an altitude of 6.7 km. These histograms are representative of data
at other altitudes as well. The temperature data is unconstrained and the histogram is essentially Gaussian.
In contrast, relative humidity is strongly skewed to the right, resembling a beta distribution. Furthermore,
relative humidity is bounded between 0 and 100%. While KL expansions for non-Gaussian and interval data
exist, we explore a variable transformation approach well known in aviation that offers several advantages.
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Figure 6: Td profiles (left) and histogram extracted at 6.7 km altitude (right)

Relative humidity, RH, is closely related to dew point temperature, Td, which in turn depends on ambient
temperature, T . To transform relative humidity to dew point temperature, we start with a definition of
relative humidity46

RH = 100
pe
ps

(20)

where pe is the equilibrium water vapor pressure and ps is the saturation water vapor pressure. An empirical
equation is used to express the saturation vapor pressure as a function of temperature46

ps = 6.1121e
17.62T

243.12+T (21)

where T is in ◦C and ps in hPa. Substituting Eq. 21 into Eq. 20 and using the definition for dew point
temperature Td

pe = ps(Td) (22)

we obtain the following expression for dew point temperature

Td =
243.12

(
ln
(
RH
100

)
+ 17.62T

243.12+T

)
17.62− ln

(
RH
100

)
− 17.62T

243.12+T

(23)

Figure 6 shows the dew point temperature profiles obtained from the measured T and RH values using
Eq. 23. The distribution appears centered about its mean (solid-white) and the bounds on relative humidity
have been sidestepped. Figure 6 also shows a histogram of dew point temperature extracted at 6.7 km, which
is at the same altitude as the histograms in Fig. 5. Transforming RH to Td transforms the shape of the
histogram close to a normal distribution. These factors make Td a much better candidate for KL expansion.

Referring to Eqs. 13 and 15, each profile w consists of 26 data points in altitude and there are 620 profiles
in the dataset for each variable, i.e., K = 620 and M = 26. Figure 7 shows the values of the covariance
matrices for pressure, temperature and dew point temperature, revealing the expected altitude correlation
(larger altitude index indicates higher altitude). The largest values are near the diagonal, indicating a strong
association with nearby data. Figure 8 shows the eigenvalues, sorted by magnitude, of each covariance
matrix. The eigenvalues span orders of magnitude. The pressure eigenvalues (black circles) decay the fastest.
Temperature (red squares) and dew point temperature (green triangles) eigenvalues have similar decay rates
and the dew point temperature eigenvalues are the largest in magnitude.

The similar eigenvalue decay for the temperature variables and the direct relationship between T , Td and
RH in Eq. 23 suggests a combined KL expansion that captures the interdependence of these variables. We
redefine the ensemble vector w as a composite of the two temperatures

w =

[
T

Td

]
(24)
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Figure 7: Covariance matrices from Edwards atmospheric data

and proceed with the KL expansion. Once we obtain the covariance eigenpairs, we separate the temperatures
and use the inverse of Eq. 23 to solve for RH from the modeled T and Td pairs.
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Figure 9 shows the covariance matrix and eigenvalues for the
(T, Td) system. The covariance matrix is twice the size (M = 52) of
the single variable matrix. The left plot of Fig. 9 shows the largest
covariance values in the lower diagonal block corresponding to dew
point temperature (identical to Fig. 7c). The off-diagonal blocks
highlight the interdependence of the two temperatures. The center
plot of Fig. 9 shows that the largest eigenvalues (blue circles) closely
follow the eigenvalues of dew point temperature. The right plot of
Fig. 9 shows the relationship between the cumulative variance ratio,
Eq. 19, and the ordered eigenvalues.

We now consider a truncated KL expansion of the combined
(T, Td) system to construct a compact model of the atmosphere. The
center plot of Fig. 9 shows that the six largest eigenvalues form a
group which exceeds a value of 100 and spans a factor of 30. The
right plot of Figure 9 shows that these six eigenvalues capture more
than 90% of the total variance. Hence, we begin by truncating the
KL series after six terms, i.e., m = 6 is selected in Eqs. 14 and 17.
Associated with the eigenvalues are six normally distributed random variables ξ1−6 = N3σ(µ = 0, σ2 = 1),
e.g., recall Fig. 3a. We limit the normal distribution to 3σ to avoid extreme atmospheric conditions. We
assess both the Clenshaw-Curtis and Gauss-Patterson sparse (L = 4) quadratures for estimating the moment
statistics.
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Figure 9: Covariance matrix (left), eigenvalues (center) and cumulative variance ratio (right) of the combined
(T, Td) system. The eigenvalues of T and Td, reproduced from Fig. 8, are included for reference.
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Figure 10: Comparison of measured temperature profiles (left) with profiles obtained using KL6 expansion
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Figure 11: Comparison of mean (µ) and standard deviation (σ) temperature statistics between measured
data and truncated KL expansions using the Gauss-Patterson quadrature

Figure 10 compares the temperature profiles of the measured dataset with those obtained using the
KL6 expansion. The ensemble generated using the Clenshaw-Curtis quadrature contains 389 profiles. The
Gauss-Patterson quadrature contains 545 profiles. The sample profiles obtained using the Clenshaw-Curtis
quadrature in Fig. 10b show larger spread, modeling some of the rarer profiles observed in the measured data.
This is because the Clenshaw-Curtis quadrature samples the 3σ limit of the random variables, as illustrated
in Fig. 4a. The Gauss-Patterson quadrature samples closer to the mean of the normal distribution, which
results in a tighter distribution of temperature profiles shown in Fig. 10c. Despite the different sampling
patterns, the Clenshaw-Curtis and Gauss-Patterson quadratures predict very similar moment statistics. This
is because the samples at the 3σ limit are assigned small weights when evaluating the statistics via Eq. 11.

To examine the accuracy of the moment statistics, Fig. 11 compares the mean (µ) and standard deviation
(σ) of the measured profiles with those of the KL6 expansion evaluated using the Gauss-Patterson quadrature.
Figure 11a shows excellent agreement in the µ and σ statistics. The agreement in the mean is expected for
any KL expansion because w′ in Eq. 14 is a zero-mean process. Figure 11a also shows that the errors in σ
are small throughout the profile, with slight differences visible at higher altitudes. In Fig. 11b, we isolate the
errors in σ and examine the sensitivity of the expansion to the number of terms m. The error is computed
relative to the standard deviation of the measured data and negative error means that the standard deviation
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Figure 12: Comparison of measured RH profiles (left) with profiles obtained using KL6 expansion

of the KLm expansion underestimates the standard deviation of the measurements, as expected from Eq. 19.
Figure 11b shows that the errors decrease as more terms are added. The error is close to 2◦C at upper
altitudes for the KL1 expansion (red line). This error is reduced to about 0.25◦C at lower altitudes with the
KL6 expansion and increasing to KL8 (black line) does not reduce the errors significantly.

Figure 12 compares the relative humidity profiles of the measured dataset with those obtained using the
KL6 expansion. The difference in the character of the ensembles is striking, especially for the Clenshaw-Curtis
quadrature shown in Fig. 12b. Recall that the eigenpairs are computed for the (T, Td) system, and RH is
obtained from the stochastic T and Td profiles via Eq. 23. Equation 20 implies a Td ≤ T constraint, otherwise
the air is saturated with moisture indicating the onset of precipitation. This means that in some profiles, Td

may locally exceed T . When this occurs, we force Td = T at that particular altitude, which results in relative
humidity of 100%. The limiting is more frequent in the Clenshaw-Curtis ensemble because it samples the
3σ bounds of the random variables. The Gauss-Patterson quadrature generates profiles in better agreement
with the observed profiles.
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Figure 13: Comparison of relative humidity mean (µ) between measured data and KL6 expansions

Figure 13 compares the mean of the measured RH ensemble with those obtained via the Clenshaw-Curtis
and Gauss-Patterson quadratures (originally solid-white lines in Fig. 12). Unlike temperature, agreement
in the mean is not guaranteed because RH is obtained from the (T, Td) system. The mean of the Gauss-
Patterson ensemble (solid-green) has a smoother profile and is in closer agreement with the observed mean
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Figure 14: Comparison of errors in the mean (left) and standard deviation (center) for relative humidity
relative to measured data. Profiles of the KL1 expansion (right) explain the large KL1 errors near 10 km.

(black-circles), especially at lower altitudes. Figure 14 shows a detailed examination of the errors in the
moment statistics for a sequence of KL expansions. The errors are evaluated relative to the statistics of
the measured data. We present results for the Gauss-Patterson quadrature because we find that for L = 4
quadrature it has smaller errors and less erratic error distributions. Negative errors in Fig. 14 indicate that
the KL expansion underestimates the measurements. For highly truncated expansions, such as KL1, the
errors in the mean and standard deviation are large. To explain this, the right plot of Fig. 14 shows the
relative humidity profiles for the KL1 expansion. We observe that the spread in the KL1 profiles is too small
compared to the measured profiles shown in Fig. 12a near the 10 km mark, which leads to the large errors.
KL4 expansion (solid-blue) begins to model this region well and there is only a small reduction in errors
between the KL6 and KL8 expansions.

Overall, the KL6 expansion based on the (T, Td) system strikes a pragmatic compromise between model
accuracy and low-dimensional representation. The cumulative variance ratio in Fig. 9 suggests that a KL10
expansion might be appropriate if high accuracy is desired. Conversely, if maximum compression of the
stochastic process has priority, then the results show that the KL4 expansion captures the standard deviation
of T profiles within 1.5◦C and has less than 2% error in the mean and 5% error in the standard deviation of
RH profiles. The KL6 expansion reduces these errors by a factor of two with just two additional variables.

B. X-59 Loudness Analysis

Having established the fidelity of the KL expansion for atmospheric uncertainty, we examine the impact of
this uncertainty on acoustic signatures of the X-59 aircraft. The aircraft geometry used in the simulations is
the “C612A” model of the X-59. Figure 15 shows the airframe, control surfaces, engine inlet and nozzle, and
near-body flow solution at nominal cruise conditions, M∞ = 1.4 and α = 2.09◦. The model includes three
outflow boundaries to model inlets and five inflow boundaries to model exhaust nozzles. The aircraft geometry
also includes vortex generators and various probes. The permeable boundary conditions and geometric details
are all necessary to resolve the pressure signatures accurately.

1. Uncertain Atmosphere

The KL6 expansion is used to model the randomness of the temperature and relative humidity profiles. Recall
from Eq. 14 that this expansion is parameterized with six normally distributed input random variables with
zero mean and unit variance ξ1−6 = N3σ(µ = 0, σ2 = 1). The moment statistics, Eqs. 5 and 6, of the ground
pressure signature and noise metrics are evaluated with the same sparse Gauss-Patterson (L = 4) quadrature
as used in Section A. This generates 545 temperature and relative humidity profiles, shown in Figs. 10c
and 12c, respectively, that define the state of the atmosphere for propagating the pressure signature from
the aircraft to the ground.
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Figure 15: X-59 geometry and near-body flow at nominal conditions, M∞ = 1.4 and α = 2.09◦. Aircraft
surface is colored by Cp (red denotes pressures above freestream, blue below). Gray scale is used to visualize
shocks via density variations on a plane through the aircraft’s centerline.
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Figure 16: Overview of computational domain (A) showing pressure contours on a plane through the aircraft’s
centerline (red indicates pressures above ambient, blue below). The nearfield and farfield domains are not
drawn to scale. Frame B shows the nominal nearfield signature. Frame C shows each realization of the
ground signature due to atmospheric uncertainty in the farfield domain.
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Figure 16 provides an overview of the simulations. On the left side, frame A shows the pressure contours
in the nearfield and farfield domains. The domains interface via a nearfield pressure signature, Eq. 4. This
signature is extracted at a distance of 270 ft (three body lengths) from the aircraft. Note that the two domains
are not drawn to scale, the farfield is vastly larger. Frame B shows the nearfield signature at nominal cruise
conditions. The signature contains many shocks that can be seen originating from the various geometric
features of the aircraft (see Fig. 15). To isolate the effects of the atmospheric uncertainty, we initially assume
no uncertainty in the nearfield, i.e., the flights conditions are fixed at their nominal values and there is no
randomness in the nearfield signature. The atmospheric uncertainty is imposed in the farfield domain. The
signature is propagated through the 545 temperature and relative humidity profiles to obtain the ground
signatures shown in Frame C. We use a sampling frequency of 100 kHz. The variability in the waveforms
directly reflects the influence of the atmospheric conditions.
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Figure 17: Probability density function of the ground signature with contour cut-off set at 0.05% (left) and
the mean signature (µ) with standard deviation (σ) envelope (right)

Figure 17a shows the probability density function, p in Eq. 7, of the ground waveform to fully characterize
the uncertainty in the signature due to uncertainty in the atmosphere, specifically randomness in T and
RH profiles. As expected, the largest uncertainties are in amplitude and duration. The zero crossing of the
signature shows no variability because in the reference frame of the wave it remains fixed, as indicated in the
farfield pressure contours of Fig. 16. Note that at any time value in Fig. 17a, the cross section of p appears
Gaussian. This implies that the mean and standard deviation statistics should accurately characterize the
uncertainty in the pressure signature.10 Figure 17b shows the mean signature µ and the 1σ envelope. The
envelope is fairly close to the mean, with largest values at the peaks and at the foot of the positive amplitude
wave. The µ and σ statistics are in good agreement with the probability density function.

Figure 18: Probability densities of PL (left), ASEL (center) and ISBAP (right) for propagation with atmo-
spheric uncertainty. Mean (solid line) and standard deviation (dashed) are also shown.

Figure 18 shows the estimated probability density functions of three selected noise metrics: PL (left),
ASEL (center) and ISBAP (right). The superimposed lines indicate the mean and standard deviation of
each metric. The probability densities are unimodal with mild skewness to the left, which could be explained
by the skewness in the measured RH profiles. Similar distributions are also estimated by Lazzara et al.6

and Doebler et al.5 The mean and standard deviation characterize the distributions well. We obtain the
following noise values: PL= 71.3± 2.5 dB, ASEL= 57.2± 2.3 dB and ISBAP= 85.3± 1.7 dB. Despite the
seemingly small uncertainty in the ground signature observed in Fig. 17b, the atmospheric fluctuations cause
a moderate uncertainty of 4 to 8% in the noise metrics.
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Figure 19: Comparison of mean signature and noise metrics with atmospheric uncertainty expected at
Edwards (µ) to those obtained using propagation in standard atmosphere (Std. Atm.)

To highlight the importance of including a realistic atmosphere in noise predictions, Fig. 19 compares the
mean signature with the atmospheric uncertainty expected at Edwards to a signature propagated through
the standard atmosphere. The standard-atmosphere profiles used in this work are shown in Fig. 2. The
signature resulting from propagation through the standard atmosphere shows less attenuation of the leading
shocks, which is primarily due to the higher relative humidity at altitudes below 10 km. Moreover, the total
duration of the signature is shorter with a steeper recompression (near 110 ms), which suggests a louder
waveform. This is confirmed in the table accompanying Fig. 19 that lists the metric means presented in
Fig.18 and those obtained in the standard atmosphere. The table shows that there are significant increases
in loudness; for example, PL is 5 dB higher in the standard atmosphere. This is beyond the 2σ envelope in
Fig.18, which means that loudness values from the standard atmosphere are not representative of test flights
at Edwards. We observe similar trends in ASEL and ISBAP, and our estimates are in good agreement with
published results.5,6

2. Combined Nearfield and Atmospheric Uncertainty

For the final test case, we introduce uncertainty in the nearfield domain in addition to uncertainty in the
state of the atmosphere. We consider the cruise Mach number, M∞ = N3σ(µ = 1.4, σ = 0.0066), and altitude,
Ac = N3σ(µ = 51, 500 ft, σ = 500) as uncertain. Together with the KL6 expansion, this gives a total of
eight input random variables. The sparse Gauss-Patterson (L = 4) quadrature requires 1,121 simulations to
estimate the moment statistics, which is roughly a twofold increase over the six variable case.

Before presenting the statistics, we briefly address computational cost. The turn-around of a farfield
solution is several minutes on a single core of a laptop computer. In contrast, a single X-59 nearfield
simulation requires approximately five wall-clock hours on an engineering workstation. It is important to
realize that the structure of the problem allows a separation of variables approach.10 In particular, the
atmospheric uncertainty does not affect the nearfield simulations, e.g. the previous test case required only a
single nearfield simulation at nominal conditions. For problems with uncertainty sources in both domains,
the tensor-product form of sparse quadratures allows us to precompute unique nearfield simulations that we
use in the evaluation of the farfield uncertainty without any loss in accuracy of the output statistics. For the
current case of 1,121 simulations, there are only 15 unique nearfield solutions.

Figure 20a shows the 15 nearfield signatures that account for uncertainty in M∞. We center the waveforms
on the zero crossing of the main expansion. The uncertainty in M∞ causes variability in shock strengths,
and subtle changes in shock positions and signal duration. Figure 20b shows the 1,121 ground signatures
resulting from propagation of the nearfield signatures from an uncertain altitude and through an uncertain
atmosphere. The dispersion in the ground signatures due to the additional uncertainties is slightly larger
than that shown in Fig. 16 for atmospheric uncertainty only.

Figure 21a shows the probability density function and mean (solid line) due to uncertainty in M∞, altitude
and the atmosphere for PL. Superimposed (dashed-line) is the probability density function and mean due to
atmospheric uncertainty only, reproduced from Fig. 18. The additional uncertainties shift the distribution
to the right, increasing the value of the mean PL by 0.4 dB. The standard deviation increased slightly from
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Figure 20: Nearfield signatures (left) due to uncertainty in Mach number (15 CFD simulations) and ground
signatures (right) due to uncertainty in Mach number, altitude and atmosphere (1,121 farfield propagations).

(a) Probability density and mean (solid line) due to all sources of
uncertainty. Superimposed (dashed) is atmospheric uncertainty only.
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(b) Ranking of random variables on their frac-
tional contribution to standard deviation

Figure 21: Uncertainty quantification for PL noise metric with ranking of sources of uncertainty

2.5 dB to 2.52 dB, indicating that the atmosphere is the primary source of uncertainty in this problem. We
see similar trends with ASEL and ISBAP. Figure 21b confirms the dominance of atmospheric uncertainty.
The input random variables are ranked based on their fractional contribution to the standard deviation of
PL using Eq.12. Figure 21b shows that the random variables associated with the first and fourth terms of
the KL expansion, ξKL

1 and ξKL
4 , respectively, have the largest influence on σ. It is not clear why the fourth

KL term has greater influence than the second and third terms, but this could be related to the large errors
shown in Fig. 14 for highly truncated KL expansions. It is not until the fourth term that uncertainty in RH
at higher altitudes is modeled accurately.

Figure 22 shows the cumulative distribution function. PL values above 79 dB and below 65 dB have
very low probabilities during morning test flights on any day in August at Edwards AFB. The dashed line
indicates a PL value of 75 dB, which is the target limit value of PL for the X-59. The probability of observing
PL below 75 dB is about 92%. This is very encouraging for the upcoming X-59 test flights; however, our
estimate is based on a fixed aircraft weight and shape, and neglects the effects of trim and atmospheric
turbulence.

VI. Conclusions

The Karhunen-Loève expansion provides an accurate and compact parameterization of atmospheric
uncertainty in the context of noise predictions for supersonic flight. By transforming relative humidity
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Figure 22: Cumulative distribution for PL due to uncertainty in Mach number, altitude and atmosphere

to dew point temperature, the accuracy and efficiency of the expansion is significantly improved. This
variable transformation augments the covariance matrix with the interdependence of relative humidity on
temperature and dew point temperature, circumvents relative humidity bounds and centers the distribution.
A six-parameter stochastic model evaluated with sparse quadrature estimates the mean and standard deviation
of a 20-year window of atmospheric observations over Edwards AFB to within 1% and 2.5%, respectively, for
relative humidity, and provides even better agreement in temperature statistics.

The results show that the atmosphere has a major influence on the noise metrics of the X-59. Noise
predictions based on the standard atmosphere are 4 to 7% louder for the PL, ASEL and ISBAP metrics
compared to those obtained from the expected conditions at Edwards. Furthermore, the uncertain atmosphere
causes 4-8% dispersions in terms of standard deviation. By considering additional sources of uncertainty,
namely the cruise Mach number and altitude, we show that the atmosphere is the primary source of uncertainty.
The first and fourth terms of the KL expansion account for approximately 60% of the standard deviation,
while the cruise Mach number and altitude contribute less than 20%. The final example demonstrates that
morning flights of the X-59 on any day in August have a 92% probability of not exceeding the 75 dB limit.

Overall, the KL model of the atmosphere is well suited for use with high-fidelity simulations. When
combined with sparse quadratures, we achieve overnight turn-around of uncertainty quantification for loudness
metrics under conditions expected during X-59 test flights on small to midsize computing clusters. This
affordability is a promising step toward developing capabilities for future en route noise certification by
simulation-based analysis. Future work plans include investigating better ways to incorporate dew point
temperature constraints into the KL expansion, and considering additional sources of uncertainty, such as
aircraft weight and winds, and accounting for aircraft trim.
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