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/ Non-Periodic Wave Equation' \

Example 1: Linear Wave Equation, non-periodic, 11 Grid Points

Ou + a@ =0
ot or
BC : u(O,t) — Uleft

IC : u(z,0) = g(x)
Second Order Central Differencing

(9uj+ a (
ot 2Ax

1. Assume a vector of 10 grid points of computed data

—uj—1 + uj1) =0

_ T
u = [’U,Q, us, w4, Us, Ug, U7, U, U9, ul())ull]

\2. Boundary condition: u; = eyt /
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/ Difference Equations I

8’11,‘7 a
+ (—u i1+ ug 1) =0
ot 2Ax J It
88112 + 521 0 ug 0 0 0 0 0 0 0 0o}
Ous a — 0 0 0 0 0 0 0 0
ot + 2Aa:{ w2 vq ¥
88714 +5&{ 0 —uzg 0 us 0 0 0 0 0 o}
88“;5 + 5% { 0 0 —uy O ug 0 0 0 0 0o}
88“156 +5&1{ o 0 0 —ug O wr 0 0 0 o}
881;7 +58{ o0 0 0 0 —ug O ug 0 0 0o}
681;8 +5&1{ o 0 0 0 0 —wu; O ug 0 0o}
887“;9 +58{ o0 0 0 0 0 0 —ug O u1p 0o}
837}0 +52={ o0 0 0 0 0 0 0 —ug 0 w11}
oui1q
AL 454 o 0 0 0 0 0 0 0 —uig O }

1. BC: Uy = Uleft

!2. Note the u12 does not exist, so we need to do something.




/ Difference Equations, With Correct BCI \

1. Replace equation for u;; with the 15? backward difference scheme

ou a
Ly [—2u10 + 2u11] =0
ot 2Ax
88“752 + 54 0 us 0 0 0 0 0 0 0 0} —ziuiepy
85;3 +58{ -—uy O wy 0 0 0 0 0 0 o}
88714 +5&{ 0 —uzg 0 ug 0 0 0 0 0 0o}
831::5 t oAzt O 0  —ug O ug 0 0 0 0 0o 3}
88716 +5&1{ o 0 0 —ug O wr 0 0 0 0o}
8;;7 +5{ o0 0 0 0 —ug O ug 0 0 o 3}
88“158 +5&1{ o 0 0 0 0 —u; O ug 0 0o}
881;9 +58{ o0 0 0 0 0 0 —ug O u1g 0o}
835}0 +51{ o 0 0 0 0 0 0 —ug 0 w1y}

Ouiy a_r 0 0 0 0 0 0 0 0 —2ujg 2ujq
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/Matrix Form, Second Order Central Differencing\l

The previous set of equations can be rewitten in a matrix form:

ou a o
Y t oA Ala+bc=0

with

=
o = O O O

[A]l =

O r OO OO0

=
O r O OO OO

=
o O OO OO Oo

-
O r O OO0 OO Oo
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OOOOO'O!—‘OO
OOOO'
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OO'

o |
=
|
N
N OO OO OoO O oo
D N N D U D S W N

and bc = | — 5 west,0,0,0,0,0,0,0,0,0]
A Coupled System of ODE’s
Matrix Notation: A = B(10:b,¢,1) with

Q: [-1,—-1,-1,—-1,-1,—1,-1,—1,—2] and € = [0,0,0,0,0,0,0,0,0, 2] /
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/Matrix Form: Non-Periodic Diffusion Equation \I

Example 2: Diffusion Equation, non-periodic, 11 Grid Points

@ 0%u

ot~ Mox?
BC : U(O,t) = UZeft,U<1,t) = Uright

IC : u(z,0) = g(x)

Second Order Central Differencing

ou L4
atj — ACE2 (Uj_l o Qu] + Uj_|_1)

Assume a vector of 9 grid point of computed data

_ T
u = [u27 us, uq4,Us, Ug, U7, U, u97u10]

\Boundary condition: w1 = Ujefr and U] = Upight /
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~

Qug _ _p
ot = Azx2 {
Oug — M {
ot A2
Ouy — _ K {
ot A2
Qug — M {
ot A2
8u6 — |53 {
ot A2
Oug — |2 {
ot A2
dug — _M {
ot A2
Sug _ _p
ot ~— Ax2 {
9uio _ _p_y
ot A2

—2u9

u

o

Difference Equations I

ﬁuj

L

ot

u3

—2usg

u3

uqg

Ax

—2uy

Uy

3 (Uj—1 — 2uj +uj41)

0 0 0 0

0 0 0 0

ug 0 0 0
—2us ug 0 0

us —2ug ury 0

0 ug —2ury uUg

0 0 ury —2ug

0 0 0 ug

0 0 0 0

Qote boundary conditions are included.

u9

—2ug

u9

U10

—2uqq

—
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+Aoc2 “lq
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/Matrix Form, Second Order Central Differencing\l

The previous set of equations can be rewitten in a matrix form:

ou —
— = L2 (Al @+ be
ot Ax
with
{ -2 1 o o o o0 0 0 }
{ 1 -2 1 o0 0O 0 0 0 0 }
{ o 1 -2 1 0 0O O 0 0 }
{ o o 1 -2 1 0 0 0 0 }
[Al={ o o o0 1 -2 1 0 0 0 }
{ o o o 0O 1 -2 1 0 0 }
{ o o 0 o0 O 1 —2 1 0o 1}
{ o o 0O 0 0 o0 1 -2 1 1}
{ o o O 0 0 0 © 1 —2 }

and be = x5 [ugegt,0,0,0,0,0,0,0, igne] "

A Coupled System of ODE’s

\Matrix Notation: A= B(9:1,-2,1) /
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Matrix Form: Periodic Wave Equation'

Example 3: Linear Wave Equation, periodic, 11 Grid Points

Ou + a% =0
ot or
BC :u(0,t) = u(2m,t) IC : u(x,0) = g(x)

Second Order Central Differencing

ou; a

ot + YA

(—uj—1 +ujp1) =0

Assume a vector of 11 grid points of computed data

_ T
u = [u17 u2,us3, U4, U5, Ug, U7, Ug, U9, U10, ull]

N

~




86111 + 5azt 0 w2
881352 byt vy O
881;3 by 0 —u2
68714 y.v-R S 0
8;1:5 taoazl O 0
88ut6 t oAzl O 0
88ut7 t oAzl O 0
88ut8 t oAzl O 0
881359 t oAzl O 0
8g%0 t oAzl O 0
831}1 T oAzl w 0

Because of the periodic BC: At j = 1 we need uj_1 =ug = ujl

Difference Equations

0

0

0

0

us

—ug

0

0

Likewise at 7 = 11 we need Ujp] = Uiz = Ul

0

0

us

—ug

0

0

u9

—ug

0

u10

—u10

—u1l1

u11
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/Matrix Form, Second Order Central Differencing\l

The previous set of equations can be rewitten in a matrix form:

ou a _
+ Alu=0
ot 2Ax Al
with

{ o 1 o O O O O O 0 0 -1 1}
{ -1 o 1 o0 o0 O O O 0 0 0 1}
{ o -1 0o 1 o0 O O O 0O 0 0 }
{ o 0 -1 0 1 O O O 0 0 0 Y}
{ o 0o O -1 o 1 0 O 0 0 0 }
[Al]={ o o O O -1 o 1 0 0 0 0 }
{ o o O O O -1 0 1 0 0 0 }
{ o o o o o0 O -1 o0 1 0 0 }
{ o o o o O O O -1 0 1 0 }
{ o o O o o0 O O 0 -1 o0 1 }
{ 1 o o o 0O O O o0 0 -1 0 }

A Coupled System of ODE’s

\Matrix Notation: A = B,(11:—-1,0,1) /
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/ Diffusion Equation: Neumann BCI

ou_ o
ot M@ajz
Ou(l,t) ou
BC : u(()?t) = Uleft, = (—)
ox ox ),

IC : u(z,0) = g(x)

Second Order Central Differencing

ou; L4
atj — ACIZ2 (Uj_l N 2u] + Uj_|_1)

Assume a vector of 9 grid point of computed data
_ T
u = [u27 usz, U4, Us, Ug, U7, Ug, U9, ulO]

\At Right Boundary: Derivative is given instead of point value.

~

Example 4: Diffusion Equation, Right BC Neunamm, 11 Grid Points

/
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Boundary Condition Implementation'

1. The Interior Difference Equations are the same as before, except

for the equation at 5 = 10

2. Design of Boundary Operator for Neumann BC

(a) At General Point j folding in the Neumann Condition with
local point values

(7).
N /
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1 c (Ou
. . _?
A2 (auj—1 + buy) + Ao (3:1:>j+1] !




Ax A2 A3 Az
o (8r),  (82),  (8%),  (5%)
J ox ] Sx2 j ox3 j o4 j
ox2
J
auj_ 1 —a —a-(-1) - % —a - (—1)2 . % —a - (—1)3 . % —a - (—1)4 . ﬁ
—buj —b
— Azx c(g;) —c —c-(l)-% _c,(1)2.% —c-(1)3-%
J+1

(b) Solving for a, b, and ¢, we obtain the following first-order

operator, at 7 = 10:

1 2 ou
5zcx — 2 —
Oerttho = g2 (200 = 2u0) 30 (8$)11
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/ Matrix Form '

The previous set of equations can be rewitten in a matrix form:

ou —
— = LQ Al @+ be
ot Ax
with
{ -2 1 o 0 o0 0 O 0o }
{ 1 -2 1 0 0O O 0 O 0o }
{ o 1 -2 1 0 0 O O 0o }
{ o o 1 -2 1 0 0 O 0o 3}
[A]={ O o o0 1 -2 1 0 0 0o 3}
{ o o o o0 1 -2 1 0 0o}
{ o o o o0 0 1 -2 1 0o}
{ o o o o O 0 1 -2 1 }
{ o o o o o o0 o %2 -2}
T

Ax? 3

be = w5 [wiest,0,0,0,0,0,0,0, 25 (5%) |
Matrix Notation: A = B(9:a,b, 1)
with@=[1,1,1,1,1,1,1,1, 2| and

\b: —2,-2,-2,-2,-2,-2,-2, -2, — 2]

~
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Matrix Form: Compact Schemes I \

. For Example: the 3 point 4" Order scheme

— ) = o (Cum + ) = O(Ag?
(5:),. 71(5), + (50, ~aetm e —otas

. In Matrix Form:

L3 L.
B(1,4,1)0,u = A—xB(_l’O’ Du + (bc)
in which Dirichlet boundary conditions (put into (bz)) have been

imposed.

/
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3. Therefore, to apply the compact scheme
(a) We need to form the right hand side above (A resulting

vector)

(b) Then, do a matrix inversion to get the resulting finite

difference term % .
T j

(c) doti=B(1,4,1)"' [ 2 B(-1,0,1)u+ (b?:)}

N
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