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The Euler and Navier-Stokes

Equations



Partial Differential Equation Form

∂Q

∂t
+
∂E

∂x
+
∂F

∂y
=
∂Ev

∂x
+
∂Fv

∂y

Q =


ρ

ρu

ρv

e

 , E =


ρu

ρu2 + p

ρuv

u(e+ p)

 , F =


ρv

ρuv

ρv2 + p

v(e+ p)



Ev =


0

τxx
τxy
f4

 , Fv =


0

τxy
τyy
g4


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Partial Differential Equation Form

Total energy per unit volume

e = ρ

(
ε+

u2 + v2

2

)
Equation of state (thermally and calorically perfect gas)

p = ρRT

Internal energy per unit mass

ε = cvT

3



Partial Differential Equation Form

Pressure in terms of conservative variables

p = ρRT

= ρR

(
ε

cv

)
= (γ − 1)ρε

= (γ − 1)
(
e− ρ

2
(u2 + v2)

)
= (γ − 1)

[
e− 1

2ρ

(
(ρu)2 + (ρv)2

)]
where we’ve used the relation

cv =
R

γ − 1
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Partial Differential Equation Form

Speed of sound (perfect gas)

a2 =
γp

ρ
= γRT

Viscous tress tensor for a Newtonian fluid

τxx = µ

(
4

3

∂u

∂x
− 2

3

∂v

∂y

)
τxy = µ

(
∂u

∂y
+
∂v

∂x

)
τyy = µ

(
−2

3

∂u

∂x
+

4

3

∂v

∂y

)
µ(T ) from Sutherland’s law
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Partial Differential Equation Form

Fourier’s law of heat conduction

∂

∂x

(
k
∂T

∂x

)
+

∂

∂y

(
k
∂T

∂y

)

Pr =
µcp
k

= 0.71 (0.9 for turbulent flow)

∂

∂x

(
µ

Pr(γ − 1)

∂a2

∂x

)
+

∂

∂y

(
µ

Pr(γ − 1)

∂a2

∂y

)
with

cp =
γR

γ − 1
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Viscous and heat conduction terms in energy equation

f4 = uτxx + vτxy +
µ

Pr(γ − 1)

∂a2

∂x

g4 = uτxy + vτyy +
µ

Pr(γ − 1)

∂a2

∂y

7



Nondimensionalization

x̃ =
x

l
, ỹ =

y

l
, t̃ =

ta∞
l

ρ̃ =
ρ

ρ∞
, ũ =

u

a∞
, ṽ =

v

a∞

ẽ =
e

ρ∞a2∞
, µ̃ =

µ

µ∞

Re =
ρ∞la∞
µ∞

Dropping the tildes:

∂Q

∂t
+
∂E

∂x
+
∂F

∂y
= Re−1

(
∂Ev

∂x
+
∂Fv

∂y

)
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Nonconservative form (primitive variables)

∂R

∂t
+ Ã

∂R

∂x
= 0, R = [ρ, u, p]T

Ã =

 u ρ 0

0 u ρ−1

0 γp u



conservative form :
∂

∂x
(ρu)

nonconservative form : ρ
∂u

∂x
+ u

∂ρ

∂x
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Flux Jacobian

∂Q

∂t
+
∂E

∂x
= 0

Q =

 Q1

Q2

Q3

 =

 ρ

ρu

e

 , E =

 E1

E2

E3

 =

 ρu

ρu2 + p

u(e+ p)


∂Q

∂t
+A

∂Q

∂x
= 0

A =
∂E

∂Q
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Flux Jacobian

E =


Q2

(γ − 1)Q3 + 3−γ
2

Q2
2

Q1

γQ3Q2

Q1
− γ−1

2
Q3

2

Q2
1



A =
∂Ei
∂Qj

=


0 1 0

γ−3
2

(
Q2

Q1

)2
(3− γ)Q2

Q1
γ − 1

A31 A32 γ
(
Q2

Q1

)

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Flux Jacobian

A31 = (γ − 1)

(
Q2

Q1

)3

− γ
(
Q3

Q1

)(
Q2

Q1

)

A32 = γ

(
Q3

Q1

)
− 3(γ − 1)

2

(
Q2

Q1

)2

A =


0 1 0

γ−3
2 u2 (3− γ)u γ − 1

A31 A32 γu


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Flux Jacobian

A31 = (γ − 1)u3 − γ ue
ρ

A32 = γ
e

ρ
− 3(γ − 1)

2
u2
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Integral Form

d

dt

∫∫
V (t)

Qdxdy +

∮
S(t)

(Edy − Fdx)

= Re−1
∮
S(t)

(Evdy − Fvdx)

d

dt

∫
V (t)

QdV +

∮
S(t)

n̂ · FdS = 0

F = (E −Re−1Ev )̂i+ (F −Re−1Fv)ĵ

n̂dS = îdy − ĵdx
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Physical Boundary Conditions

Inviscid flow (Euler equations)

At a solid wall

(uî+ vĵ) · n̂ = 0

Viscous flow (Navier-Stokes equations)

At a solid wall

u = v = 0

∇T · n̂ = 0 (adiabatic)

or isothermal (T specified)
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An Implicit Finite-Difference

Algorithm for the Euler and

Navier-Stokes Equations



Key Characteristics

• node-based data storage; the numerical solution for the state

variables is associated with the nodes of the grid

• second-order finite-difference spatial discretization; centered with

added numerical dissipation; a simple shock-capturing device

• transformation to generalized curvilinear coordinates; applicable to

structured grids

• implicit time marching based on approximate factorization of the

resulting matrix operator

16



Generalized Curvilinear

Coordinate Transformation



Generalized Curvilinear Coordinate Transformation

X

Y

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

A sample airfoil grid with a “C” topology showing only the region near the

airfoil
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Generalized Curvilinear Coordinate Transformation

An example of a generalized curvilinear coordinate transformation for a C-mesh
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Generalized Curvilinear Coordinate Transformation

X

Y

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

A sample airfoil grid with an “O” topology showing only the region near the

airfoil
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Generalized Curvilinear Coordinate Transformation

τ = t

ξ = ξ(x, y, t)

η = η(x, y, t)

∂

∂x
=

∂ξ

∂x

∂

∂ξ
+
∂η

∂x

∂

∂η

∂

∂y
=

∂ξ

∂y

∂

∂ξ
+
∂η

∂y

∂

∂η

∂

∂t
=

∂

∂τ
+
∂ξ

∂t

∂

∂ξ
+
∂η

∂t

∂

∂η
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Generalized Curvilinear Coordinate Transformation

∂x ≡
∂

∂x
and ξx ≡

∂ξ

∂x

 ∂t
∂x
∂y

 =

 1 ξt ηt
0 ξx ηx
0 ξy ηy


 ∂τ
∂ξ
∂η


∂τQ + ξt∂ξQ+ ηt∂ηQ+ ξx∂ξE + ηx∂ηE + ξy∂ξF + ηy∂ηF =

Re−1 (ξx∂ξEv + ηx∂ηEv + ξy∂ξFv + ηy∂ηFv)
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Metric Relations

t = τ

x = x(ξ, η, τ)

y = y(ξ, η, τ)

∂τ = ∂t + xτ∂x + yτ∂y, ∂ξ = xξ∂x + yξ∂y, ∂η = xη∂x + yη∂y

 ∂τ
∂ξ
∂η

 =

 1 xτ yτ
0 xξ yξ
0 xη yη


 ∂t
∂x
∂y


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Metric Relations

 1 ξt ηt
0 ξx ηx
0 ξy ηy

 =

 1 xτ yτ
0 xξ yξ
0 xη yη


−1

= J

 (xξyη − yξxη) (−xτyη + yτxη) (xτyξ − yτxξ)
0 yη −yξ
0 −xη xξ



ξt = J(−xτyη + yτxη), ξx = Jyη, ξy = −Jxη
ηt = J(xτyξ − yτxξ), ηx = −Jyξ, ηy = Jxξ
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Invariants of the Transformation

We would like to avoid having spatially varying coefficients outside of the

derivative operators – first multiply by J−1

∂τQ+ ξt∂ξQ+ ηt∂ηQ+ ξx∂ξE + ηx∂ηE + ξy∂ξF + ηy∂ηF = 0

(
ξx
J

)
∂ξE = ∂ξ

(
ξx
J
E

)
− E∂ξ

(
ξx
J

)
Term1 + Term2 = 0

Term1 = ∂τ (Q/J) + ∂ξ[(ξtQ+ ξxE + ξyF )/J ] + ∂η[(ηtQ+ ηxE + ηyF )/J ]

Term2 = −Q[∂τ (J−1) + ∂ξ(ξt/J) + ∂η(ηt/J)]

− E[∂ξ(ξx/J) + ∂η(ηx/J)]− F [∂ξ(ξy/J) + ∂η(ηy/J)]
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Invariants of the Transformation

Term2 includes

∂τ (J−1) + ∂ξ(ξt/J) + ∂η(ηt/J)

∂ξ(ξx/J) + ∂η(ηx/J)

∂ξ(ξy/J) + ∂η(ηy/J)

∂τ (xξyη − yξxη) + ∂ξ(−xτyη + yτxη) + ∂η(xτyξ − yτxξ)
∂ξ(yη) + ∂η(−yξ)
∂ξ(−xη) + ∂η(xξ)

All equal zero as differentiation is commutative
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Navier-Stokes Equations in Generalized Curvilinear Coordinates

∂τ Q̂+ ∂ξÊ + ∂ηF̂ = Re−1[∂ξÊv + ∂ηF̂v]

Q̂ = J−1


ρ

ρu

ρv

e



Ê = J−1


ρU

ρuU + ξxp

ρvU + ξyp

U(e+ p)− ξtp

 , F̂ = J−1


ρV

ρuV + ηxp

ρvV + ηyp

V (e+ p)− ηtp


U = ξt + ξxu+ ξyv, V = ηt + ηxu+ ηyv
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Navier-Stokes Equations in Generalized Curvilinear Coordinates

Viscous and heat conduction terms

τxx = µ(4(ξxuξ + ηxuη)− 2(ξyvξ + ηyvη))/3

τxy = µ(ξyuξ + ηyuη + ξxvξ + ηxvη)

τyy = µ(−2(ξxuξ + ηxuη) + 4(ξyvξ + ηyvη))/3

f4 = uτxx + vτxy + µPr−1(γ − 1)−1(ξx∂ξa
2 + ηx∂ηa

2)

g4 = uτxy + vτyy + µPr−1(γ − 1)−1(ξy∂ξa
2 + ηy∂ηa

2)
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Navier-Stokes Equations in Generalized Curvilinear Coordinates

Uniform flow preservation is a useful test for a flow solver

ρ = 1

u = M∞

v = 0

e =
1

γ(γ − 1)
+

1

2
M2
∞

28



Thin-Layer Approximation



Thin-Layer Approximation

In an attached or mildly separated flow at high Reynolds number,

boundary layers are thin

In thin boundary layers, velocity gradients normal to the wall are much

higher than those parallel to the wall

Thin-layer approximation neglects streamwise gradients of viscous

stresses and heat conduction terms – valid if mesh is body fitted and at

least close to orthogonal at the surface

29



Thin-Layer Approximation

Mesh near body surface

30



Thin-Layer Approximation

∂τ Q̂+ ∂ξÊ + ∂ηF̂ = Re−1∂ηŜ

Ŝ = J−1


0

ηxm1 + ηym2

ηxm2 + ηym3

ηx(um1 + vm2 +m4) + ηy(um2 + vm3 +m5)


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Thin-Layer Approximation

m1 = µ(4ηxuη − 2ηyvη)/3

m2 = µ(ηyuη + ηxvη)

m3 = µ(−2ηxuη + 4ηyvη)/3

m4 = µPr−1(γ − 1)−1ηx∂η(a2)

m5 = µPr−1(γ − 1)−1ηy∂η(a2)

32



Spatial Differencing



Spatial Differencing

Second-order centered differences for inviscid fluxes and grid metrics (in

computational space)

∆ξ = 1 ∆η = 1

Qj,k := Q(j∆ξ, k∆η)

δξÊj,k =
Êj+1,k − Êj−1,k

2∆ξ
δηF̂j,k =

F̂j,k+1 − F̂j,k−1
2∆η

(xξ)j,k =
xj+1,k − xj−1,k

2∆ξ
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Spatial Differencing

Compact form for second derivatives with spatially varying coefficient

∂η (αj,k∂ηβj,k)(
∂β

∂η

)
k+1/2

= βj,k+1 − βj,k(
∂β

∂η

)
k−1/2

= βj,k − βj,k−1

αj,k+1/2 =
1

2
(αj,k + αj,k+1)

αj,k−1/2 =
1

2
(αj,k−1 + αj,k)

(αj,k+1 + αj,k)

2
(βj,k+1 − βj,k)− (αj,k + αj,k−1)

2
(βj,k − βj,k−1)
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Metric Differencing and Invariants

In 2D

δξδηyj,k − δηδξyj,k = δξ(yj,k+1 − yj,k−1)/2− δη(yj+1,k − yj−1,k)/2

= [yj+1,k+1 − yj−1,k+1 − yj+1,k−1 + yj−1,k−1]/4

−[yj+1,k+1 − yj+1,k−1 − yj−1,k+1 + yj−1,k−1]/4

= 0

In 3D ξx = J(yηzζ − yζzη) does not work

Can use ξx = J((yηz)ζ − (yζz)η) instead
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A Nonlinear Artificial Dissipation Scheme

Purpose

• to eliminate high-frequency modes that are not resolved and can

contaminate the solution;

• to enhance stability and convergence to steady state;

• to prevent oscillations at discontinuities, such as shock waves.
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A Nonlinear Artificial Dissipation Scheme

Components

• a high-order component for smooth regions of the flow field,

• a first-order component for shock capturing,

• a means of sensing shocks and other discontinuities so that the

appropriate dissipation operator can be selected in different regions

of the flow field.

37



A Nonlinear Artificial Dissipation Scheme

∂u

∂t
+
∂f

∂x
=
∂u

∂t
+A

∂u

∂x
= 0

where f = Au

δxf = δaxf + δsx(|A|u)

(δsxu)j =
ε4
∆x

(uj−2 − 4uj−1 + 6uj − 4uj+1 + uj+2) ∝ ε4∆x3
∂4u

∂x4

Near shocks : (δsxu)j =
ε2
∆x

(−uj−1 + 2uj − uj+1) ∝ −ε2∆x
∂2u

∂x2
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A Nonlinear Artificial Dissipation Scheme

∇∆∇∆uj = uj−2 − 4uj−1 + 6uj − 4uj+1 + uj+2

∇∆uj = uj−1 − 2uj + uj+1

Dj = ∇∆∇∆|Aj |Qj

Dj = |Aj |∇∆∇∆Qj nonconservative

Dj = ∇|Aj+1/2|∆∇∆Qj preferred choice
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A Nonlinear Artificial Dissipation Scheme

∂τ Q̂ = −δξÊ − δηF̂ +Re−1[δξÊv + δηF̂v]

Consider the term : ∂τ Q̂ = −δξÊ

Conservation form : ∂τ Q̂ = −(fj+1/2 − fj−1/2)

fj+1/2 =
1

2
(Êj + Êj+1)

(∂τ Q̂)j,k = −(δξÊ)j,k + (Dξ)j,k

40



A Nonlinear Artificial Dissipation Scheme

(Dξ)j,k = ∇ξ
(
ε(2)|Â|J−1

)
j+1/2,k

∆ξQj,k

− ∇ξ
(
ε(4)|Â|J−1

)
j+1/2,k

∆ξ∇ξ∆ξQj,k

Â =
∂Ê

∂Q̂(
ε(2)|Â|J−1

)
j+1/2,k

=
1

2

[(
ε(2)|Â|J−1

)
j,k

+
(
ε(2)|Â|J−1

)
j+1,k

]
(
ε(4)|Â|J−1

)
j+1/2,k

=
1

2

[(
ε(4)|Â|J−1

)
j,k

+
(
ε(4)|Â|J−1

)
j+1,k

]
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A Nonlinear Artificial Dissipation Scheme

Shock sensor based on pressure:

ε
(2)
j,k = κ2 max(Υj+1,k,Υj,k,Υj−1,k)

Υj,k =

∣∣∣∣pj+1,k − 2pj,k + pj−1,k
pj+1,k + 2pj,k + pj−1,k

∣∣∣∣
ε
(4)
j,k = max(0, κ4 − ε(2)j,k)
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A Nonlinear Artificial Dissipation Scheme

Conservation form

(Dξ)j,k = (dξ)j+1/2,k − (dξ)j−1/2,k

(dξ)j+1/2,k =
(
ε(2)|Â|J−1

)
j+1/2,k

∆ξQj,k

−
(
ε(4)|Â|J−1

)
j+1/2,k

∆ξ∇ξ∆ξQj,k

Scalar artificial dissipation

σ = |U |+ a
√
ξ2x + ξ2y

43



Implicit Time Marching and the

Approximate Factorization

Algorithm



Implicit Time Marching

and the Approximate Factorization Algorithm

∂τ Q̂ = −δξÊ +Dξ − δηF̂ +Dη +Re−1[δξÊv + δηF̂v]

dQ̂

dt
= R(Q̂)

R(Q̂) = −δξÊ +Dξ − δηF̂ +Dη +Re−1[δξÊv + δηF̂v]
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Implicit Time Marching

and the Approximate Factorization Algorithm

For steady flows:

R(Q̂) = 0

Newton’s method:

An∆Q̂n = −R(Q̂n)

An =
∂R

∂Q̂

∆Q̂ = Q̂n+1 − Q̂n

45



Implicit Time Marching

Two-parameter family

Q̂n+1 =
θ∆t

1 + ϕ

d

dt
Q̂n+1 +

(1− θ)∆t
1 + ϕ

d

dt
Q̂n +

1 + 2ϕ

1 + ϕ
Q̂n − ϕ

1 + ϕ
Q̂n−1

+ O

[
(θ − 1

2
− ϕ)∆t2 + ∆t3

]
θ = 1, ϕ = 0 gives implicit Euler, θ = 1, ϕ = 1/2 gives 2nd-order

backward

Applying implicit Euler to the thin-layer equation gives

Q̂n+1 − Q̂n = h
(
−δξÊn+1 +Dn+1

ξ − δηF̂n+1 +Dn+1
η +Re−1δηŜ

n+1
)
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Local Time Linearization

Ên+1 = Ên + Ân∆Q̂n +O(h2)

F̂n+1 = F̂n + B̂n∆Q̂n +O(h2)

Re−1Ŝn+1 = Re−1
[
Ŝn + M̂n∆Q̂n

]
+O(h2)

where Â = ∂Ê/∂Q̂ , B̂ = ∂F̂ /∂Q̂ and M̂ = ∂Ŝ/∂Q̂ are the flux

Jacobians, and ∆Q̂n is O(h)
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Local Time Linearization


κt κx κy 0

−uθ + κxφ
2 κt + θ − (γ − 2)κxu κyu− (γ − 1)κxv (γ − 1)κx

−vθ + κyφ
2 κxv − (γ − 1)κyu κt + θ − (γ − 2)κyv (γ − 1)κy

θ[φ2 − a1] κxa1 − (γ − 1)uθ κya1 − (γ − 1)vθ γθ + κt



â21 =
∂ê2
∂q̂1
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Local Time Linearization

Q̂ =


q̂1
q̂2
q̂3
q̂4

 = J−1


ρ

ρu

ρv

e

 , Ê =


ê1
ê2
ê3
ê4

 = J−1


ρU

ρuU + ξxp

ρvU + ξyp

U(e+ p)− ξtp



ê2 = J−1ρuU + J−1ξxp

= J−1ρuξt + J−1ρu2ξx + J−1ρuvξy

+J−1ξx(γ − 1)e− J−1ξx(γ − 1)
1

2
ρu2 − J−1ξx(γ − 1)

1

2
ρv2

= ξtq̂2 + ξx
q̂22
q̂1

+ ξy
q̂2q̂3
q̂1

+ ξx(γ − 1)q̂4 −
ξx(γ − 1)

2

q̂22
q̂1
− ξx(γ − 1)

2

q̂23
q̂1
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Local Time Linearization

â21 =
∂ê2
∂q̂1

= −ξx
q̂22
q̂21
− ξy

q̂2q̂3
q̂21

+
ξx(γ − 1)

2

q̂22
q̂21

+
ξx(γ − 1)

2

q̂23
q̂21

= −ξxu2 − ξyuv +
ξx(γ − 1)

2
u2 +

ξx(γ − 1)

2
v2

= −u(ξxu+ ξyv) +
ξx(γ − 1)

2
(u2 + v2)

Viscous terms

M̂ = J−1


0 0 0 0

m21 α1∂η(ρ−1) α2∂η(ρ−1) 0

m31 α2∂η(ρ−1) α3∂η(ρ−1) 0

m41 m42 m43 m44

 J
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Local Time Linearization

where

m21 = −α1∂η(u/ρ)− α2∂η(v/ρ)

m31 = −α2∂η(u/ρ)− α3∂η(v/ρ)

m41 = α4∂η
[
−(e/ρ2) + (u2 + v2)/ρ

]
−α1∂η(u2/ρ)− 2α2∂η(uv/ρ)

−α3∂η(v2/ρ)

m42 = −α4∂η(u/ρ)−m21

m43 = −α4∂η(v/ρ)−m31

m44 = α4∂η(ρ−1)

α1 = µ[(4/3)ηx
2 + ηy

2], α2 = (µ/3)ηxηy
α3 = µ[ηx

2 + (4/3)ηy
2], α4 = γµPr−1(ηx

2 + ηy
2)
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Local Time Linearization

Let’s derive the m22 term

ŝ2 =
α1

J
uη +

α2

J
vη

=
α1

J

∂

∂η

(
q̂2
q̂1

)
+
α2

J

∂

∂η

(
q̂3
q̂1

)

f(q̂2) =
α1

J

∂

∂η

(
q̂2
q̂1

)
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Local Time Linearization

∂f

∂q̂2
∆q̂2 = lim

ε→0

f(q̂2 + ε∆q̂2)− f(q̂2)

ε

= lim
ε→0

[
α1

J

∂

∂η

(
q̂2 + ε∆q̂2

q̂1

)
− α1

J

∂

∂η

(
q̂2
q̂1

)]
/ε

= lim
ε→0

[
α1

J

∂

∂η

(
ε∆q̂2
q̂1

)]
/ε

=
α1

J

∂

∂η

(
∆q̂2
q̂1

)

m̂22∆q̂2 = J−1α1
∂

∂η

(
J

ρ
∆q̂2

)
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Local Time Linearization

[
I + hδξÂ

n − hLξ + hδηB̂
n − hLη −Re−1h δηM̂

]
∆Q̂n =

− h
(
δξÊ

n −Dn
ξ + δηF̂

n −Dn
η −Re−1δηŜn

)
Difference operators operate on the product, including ∆Q̂n, for example

1

2
h(Ânj+1,k∆Q̂nj+1,k − Ânj−1,k∆Q̂nj−1,k)

Keep in mind that ∆Q̂n is unknown – we are solving for it
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Matrix Form of the Unfactored Algorithm

[
I + hδξÂ

n + hδηB̂
n
]
⇒



I hÂ/2 hB̂/2

−hÂ/2 I hÂ/2 hB̂/2

−hÂ/2 I hÂ/2 hB̂/2

−hÂ/2 I hÂ/2 hB̂/2

−hB̂/2 −hÂ/2 I hÂ/2 hB̂/2
. . .

. . .
. . .

. . .
. . .

−hB̂/2 −hÂ/2 I hÂ/2 hB̂/2

−hB̂/2 −hÂ/2 I hÂ/2 hB̂/2

−hB̂/2 −hÂ/2 I hÂ/2
. . .

. . .
. . .

. . .

−hB̂/2 −hÂ/2 I hÂ/2

−hB̂/2 −hÂ/2 I


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Approximate Factorization

Left-hand side terms:[
I + hδξ Â

n + hδη B̂
n − hRe−1δηM̂n

]
∆Q̂n =[

I + hδξ Â
n
] [

I + hδη B̂
n − hRe−1δηM̂n

]
∆Q̂n

−h2δξÂnδηB̂n ∆Q̂n + h2Re−1δξÂ
nδηM̂

n ∆Q̂n

Neglect O(h3) terms to obtain[
I + hδξÂ

n
] [
I + hδηB̂

n − hRe−1δηM̂
n
]

∆Q̂n =

− h
[
δξÊ

n + δηF̂
n −Re−1δηŜn

]
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Approximate Factorization

[
I + hδξÂ

n
]
⇒



I hÂ/2

−hÂ/2 I hÂ/2

−hÂ/2 I hÂ/2
. . .

. . .
. . .

−hÂ/2 I hÂ/2

−hÂ/2 I hÂ/2

−hÂ/2 I hÂ/2

−hÂ/2 I



[
I + hδξÂ

n
]

∆Q̃ = −h
[
δξÊ

n + δηF̂
n −Re−1δηŜn

]
[
I + hδηB̂

n − hRe−1δηM̂n
]

∆Q̂n = ∆Q̃
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Diagonal Form of The Implicit Algorithm

Matrices Â and B̂ can be diagonalized:

Λξ = T−1ξ ÂTξ and Λη = T−1η B̂Tη

Without approximation we can write for the Euler equations[
Tξ T

−1
ξ + h δξ

(
Tξ Λξ T

−1
ξ

)] [
Tη T

−1
η + h δη

(
Tη Λη T

−1
η

)]
∆Q̂n

= −h
[
δξÊ

n + δηF̂
n
]

= R̂n

Pull eigenvector matrices out of spatial operator

Tξ [I + h δξ Λξ] N̂ [I + h δη Λη] T−1η ∆Q̂n = R̂n

where N̂ = T−1ξ Tη
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Convergence Acceleration for Steady Flow Computations

Local Time Stepping

Goal is to maintain roughly constant (optimal) Courant number

Cn =
(|u|+ a)h

∆x

∆t =
∆tref

|U |+ |V |+ a
√
ξ2x + ξ2y + η2x + η2y

Variation in mesh spacing typically far exceeds variation in wave speed

∆t =
∆t|ref

1 +
√
J

59



Dual Time Stepping for Unsteady Flow Computations

Consider second-order backward implicit time-marching:

un+1 =
1

3
[4un − un−1 + 2hu′n+1]

Gives

Q̂n+1 =
4

3
Q̂n − 1

3
Q̂n−1

+
2h

3

(
−δξÊn+1 +Dn+1

ξ − δηF̂n+1 +Dn+1
η +Re−1δηŜ

n+1
)
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Dual Time Stepping for Unsteady Flow Computations

After local time linearization and approximate factorization we obtain[
I +

2h

3
δξÂ

n

] [
I +

2h

3
δηB̂

n − 2h

3
Re−1δηM̂

n

]
∆Q̂n =

Q̂n − Q̂n−1 − 2h

3

[
δξÊ

n + δηF̂
n −Re−1δηŜn

]
Rather than linearizing in time, we can solve this nonlinear problem at

each time step to eliminate linearization and factorization error
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Dual Time Stepping for Unsteady Flow Computations

3Q̂n+1 − 4Q̂n + Q̂n−1

2h
+R(Q̂n+1) = 0

R(Q̂n+1) =
[
δξÊ

n+1 −Dn+1
ξ + δηF̂

n+1 −Dn+1
η −Re−1δηŜn+1

]

Ru(Q̂) =
3Q̂− 4Q̂n + Q̂n−1

2h
+R(Q̂)

Ru(Q̂) = 0
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Dual Time Stepping for Unsteady Flow Computations

dQ̂

dτ
+Ru(Q̂) = 0

[
I +

∆τ

b
δξÂ

p

] [
I +

∆τ

b
δηB̂

p − ∆τ

b
Re−1δηM̂

p

]
∆Q̂p =

− ∆τ

b
Ru(Q̂p)

b = 1 +
3∆τ

2h

∆τ can be chosen for fast convergence (independent of ∆t, which is

chosen for time accuracy)
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Boundary Conditions



Characteristic Approach (Euler Equations)

Consider 1D Euler equations

∂tQ+ ∂x(AQ) = 0

Eigenvalues of A are

ΛA =

u 0 0

0 u+ a 0

0 0 u− a


Diagonalized form

∂t
(
X−1Q

)
+ ΛA∂x

(
X−1Q

)
= 0
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Characteristic Approach (Euler Equations)

Characteristics at subsonic inflow and outflow boundaries of a closed domain

In a supersonic flow all eigenvalues have the same sign
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Boundary Conditions for External Flows

Body Surfaces

Inviscid flow: flow tangency condition

Vn =
ηxu+ ηyv√
η2x + η2y

, Vt =
ηyu− ηxv√
η2x + η2y

(
u

v

)
=

1√
η2x + η2y

[
ηy ηx
−ηx ηy

] (
Vt
Vn

)

Set Vn to zero, extrapolate Vt from interior

Solve for values of u and v at the surface
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Boundary Conditions for External Flows

Body Surfaces

Viscous flow: no-slip condition plus adiabatic or isothermal condition:

u = v = 0 and
∂T

∂n
= 0 or specify T
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Boundary Conditions for External Flows

Far-Field Boundaries

λ1 = Vn − a, R1 = Vn − 2a/(γ − 1)

λ2 = Vn + a, R2 = Vn + 2a/(γ − 1)

λ3 = Vn, R3 = S = ln
p

ργ
(entropy)

λ4 = Vn, R4 = Vt

Subsonic inflow (Vn ≤ 0) : λ1 < 0, λ2 > 0, λ3 < 0, λ4 < 0

→ Set R1, R3, and R4, extrapolate R2 from interior

Subsonic inflow (Vn ≤ 0) : λ1 < 0, λ2 > 0, λ3 > 0, λ4 > 0

→ Set R1, extrapolate R2, R3, and R4 from interior
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