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The Euler and Navier-Stokes
Equations



Partial Differential Equation Form
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Partial Differential Equation Form

Total energy per unit volume

u? +v?
ezp(e—i— 5 )

Equation of state (thermally and calorically perfect gas)

p = pRT
Internal energy per unit mass

e=c¢,T



Partial Differential Equation Form

Pressure in terms of conservative variables

p = pRT
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Partial Differential Equation Form

Speed of sound (perfect gas)
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Viscous tress tensor for a Newtonian fluid
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Partial Differential Equation Form

Fourier's law of heat conduction
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Viscous and heat conduction terms in energy equation
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Nondimensionalization
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Nonconservative form (primitive variables)

OR _;OR _

[ —_— = pr— T
5 T4%, 0, R=[p,u,p]

b

I

o o
<

>

L

" u

conservative form :  — (pu)

nonconservative form :



Flux Jacobian
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Flux Jacobian
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Flux Jacobian
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Flux Jacobian
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Integral Form
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Physical Boundary Conditions

Inviscid flow (Euler equations)

At a solid wall

(wi +vj) - =0

Viscous flow (Navier-Stokes equations)

At a solid wall

u=v=20

VT -n=0 (adiabatic)

or isothermal (7" specified)
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An Implicit Finite-Difference
Algorithm for the Euler and
Navier-Stokes Equations




Key Characteristics

e node-based data storage; the numerical solution for the state
variables is associated with the nodes of the grid

e second-order finite-difference spatial discretization; centered with
added numerical dissipation; a simple shock-capturing device

e transformation to generalized curvilinear coordinates; applicable to
structured grids

e implicit time marching based on approximate factorization of the
resulting matrix operator

16



Generalized Curvilinear
Coordinate Transformation



Generalized Curvilinear Coordinate Transformation
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“C" topology showing only the region near the
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Generalized Curvilinear Coordinate Transformation
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An example of a generalized curvilinear coordinate transformation for a C-mesh

18



Generalized Curvilinear Coordinate Transformation

A sample airfoil grid with an “O" topology showing only the region near the
airfoil
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Generalized Curvilinear Coordinate Transformation
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Generalized Curvilinear Coordinate Transformation
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Metric Relations
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Metric Relations

—1
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Invariants of the Transformation

We would like to avoid having spatially varying coefficients outside of the
derivative operators — first multiply by J~!

0:Q + &0:Q + 10y Q + £ 0 E + 1y OnE + £,0: F + 1yOny F = 0

(5) e =oc(Ge) (5

Term; + Terms = 0

Termy = 0,(Q/J) + 0¢[(§:Q + & B + & F) /] + 0y[(0:Q + 0 E + 1y F) [ J]
Termy = —Q[0-(J 1) + 9 (&/J) + 0y (ne/ J)]
— B¢ (&a/T) + 0y(112/ )] — FlOe(&y/ ) + Oy(ny/ )]
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Invariants of the Transformation

Terms includes

O (JY + 0c(&/T)+ 0y(ne/T)
9¢(&/T) + Oy(n./J)
0(&y/T) + Oy(ny/J)

Or (Teyn — Yexy) + Oc(—xryy + yrty) +  Op(xrye — yrae)
¢ (yn) + Oy (—ve)
85(—557]) + 8?7@&)

All equal zero as differentiation is commutative
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Navier-Stokes Equations in Generalized Curvilinear Coordinates

0;Q + 0:E + 8,F = Re™ '[9 B, + 0, F]
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Navier-Stokes Equations in Generalized Curvilinear Coordinates

Viscous and heat conduction terms

Tow = H(4(Eoue + Moun) — 2(Eyve +nyvy))/3
Toy = H(&yue + nyuy + Eove + navy)
Tyy = W(—2(Eaug + nwuny) +4(Eyve +myvy))/3
fi = UTpy +0Tgy + pPrt(y = 1)1 (6:0c0® + 0, 0pa°)

g1 = UTgy + 0Ty + uPr=t(y — 1)71(§y8§a2 + nyanaQ)
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Navier-Stokes Equations in Generalized Curvilinear Coordinates

Uniform flow preservation is a useful test for a flow solver

p = 1
- M.
v = 0
e = ! 1M2
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Thin-Layer Approximation




Thin-Layer Approximation

In an attached or mildly separated flow at high Reynolds number,

boundary layers are thin

In thin boundary layers, velocity gradients normal to the wall are much
higher than those parallel to the wall

Thin-layer approximation neglects streamwise gradients of viscous
stresses and heat conduction terms — valid if mesh is body fitted and at
least close to orthogonal at the surface
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Thin-Layer Approximation

Re > 1

Mesh near body surface
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Thin-Layer Approximation

0,Q + 0:E + 0,F = Re™'9,8

0
NeM1 + 1yMm2
NxMa + 1yMms3
Nz (umy + vmg + ma) + 1y (umg + vms + ms)
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Thin-Layer Approximation

p(dnz iy — 2nyvy) /3
(N un + 12vy)
1(=2nzuy + 4nyvy) /3
pPr=t(y = 1), 0, (a®)
pPr=t(y - 1)717774877(@2)
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Spatial Differencing




Spatial Differencing

Second-order centered differences for inviscid fluxes and grid metrics (in

computational space)

AcE=1 Anp=1

Qjk = QAL kAn)

~ ~

= I = Fjk+1 — Fju—
65Ej7k == 2A£ = 677Fj,k = +12A’]7 ! L

_ Tj1k — L1k
(xf)j,k 2A£
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Spatial Differencing

Compact form for second derivatives with spatially varying coefficient

Oy (aj,kanﬂj,k)

35)
o = Bjk+1— Bjk
(37} k12 P

op — 8. _8
<a77>k1/2 - ﬁ],k) /Bj,k—l

G kt1/2 = 5 (jk + jrr1)
@k-1/2 = 5 (k-1 + )

(@) k1 + k)
2

(v + k1)

(Bj,kJrl - Bj,k) - 9

(Bj ke — Bjk—1)
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Metric Differencing and Invariants

In 2D

0e0nYik — 0ndeYie = Oc(Yjr+1 — Yjk-1)/2 = 0n(Yjr1.6 — Yj—1.)/2

= [Yjt1ht1 — Yj—1,k+1 — Yj+1,b—1 T Yj—1,6—1]/4
—[Yj+1.k4+1 = Yitrh—1 — Yj—1,k+1 + Yj—1.6—1]/4

= 0

In3D & = J(yyzc —ycz,) does not work

Canuse & = J((yp2)c — (ycz)y) instead
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A Nonlinear Artificial Dissipation Scheme

Purpose

e to eliminate high-frequency modes that are not resolved and can
contaminate the solution;

e to enhance stability and convergence to steady state;

e to prevent oscillations at discontinuities, such as shock waves.
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A Nonlinear Artificial Dissipation Scheme

Components

e a high-order component for smooth regions of the flow field,
e a first-order component for shock capturing,

e a means of sensing shocks and other discontinuities so that the
appropriate dissipation operator can be selected in different regions
of the flow field.
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A Nonlinear Artificial Dissipation Scheme

Ou Of Ou Aé)u 0

o tar o T
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A Nonlinear Artificial Dissipation Scheme

VAVAUJ =Uj_o — 4Uj_1 + 6’(1,]' — 4Uj+1 + Ujt2

VAUJ‘ =Uj_1 — QUJ‘ + Ujt1

Dj = VAVA[A;|Q;

D; =|A;[VAVAQ; nonconservative

Dj =V|A;11/2|]AVAQ; preferred choice
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A Nonlinear Artificial Dissipation Scheme

8,Q = —0¢E — 6,F + Re ' [6: By + 6, 1)
Consider the term : (’LQ\ = —5§E

Conservation form : 87@ = 7(fj+1/2 — fi—1/2)

40



A Nonlinear Artificial Dissipation Scheme

(De)je = Ve (E(Q)M\J_l)jﬂ/z’kAst,k
- v (e<4>|ﬁ\‘1—1)j+1/271c AVeAQ;
ol
0
(6(2)@"]_1)%1/2,1@ - % [(6(2)|AJ_1)j,k * (6(2)|E|J_1)j+1,1j
(6(4)|A\|J_1)j+1/2,k - % [(6(4)|g‘]_1>]‘,k + (6(4)|g|‘]_1)j+1,zj
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A Nonlinear Artificial Dissipation Scheme

Shock sensor based on

pressure:

= wgmax(Tjp1k Tk, Tj-1.k)

Djt1,k — 2Djk T Pj—1.k
Dj+1,k + 2Djk +Dj-1.k

= max(0,rq4 — 652]2)
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A Nonlinear Artificial Dissipation Scheme

Conservation form

(De)je = (de)jt1/2,6 — (de)j—1/2,

(dg)j—H/Q’k - (6(2)|A|J_1)j+1/2 k Ang’k

@|A]J! AcVeAQ;
(6 |A] )j+1/2,k eVeAeQjk

Scalar artificial dissipation

0:|U\+a‘/£§+€§
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Implicit Time Marching and the
Approximate Factorization
Algorithm




Implicit Time Marching
and the Approximate Factorization Algorithm

0,Q = —6¢E + D — 6, F + D,y + Re ' [6c By + 6, F]

aqQ _

= =R(Q

R(Q) = —0¢E + Dg — 6,F + D,y + Re ™' [0¢ By + 6, 1]
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Implicit Time Marching
and the Approximate Factorization Algorithm

For steady flows:
R(Q) =0
Newton's method:

_0R
0Q

AQ = Qn-{-l - Qn

Ay
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Implicit Time Marching

Two-parameter family

~ OAt d ~ (1-0)At d ~ 142p~ %)
n+1  ntl —O" n
Q n dtQ i 1+ dtQ * Q

77/\77,71
14+ 1+ 1+<pQ

1
+ O {(9— 5 — )AL + AP

0 =1, ¢ =0 gives implicit Euler, § = 1, ¢ = 1/2 gives 2nd-order
backward

Applying implicit Euler to the thin-layer equation gives

QU = Q" = h (=0 B 4 Dt — 6, P 4 Dt 4 Re1, )
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Local Time Linearization

En+1 _ En + A\nA@n + O(h2)
ﬁn+1 _ F\n + EnA@n + O(h2)
Re™1§"t1 = Re! [gn + M"AQ™| + O(h?)

where A = 0E/0Q , B = 0F/0Q and M = 85/0Q are the flux
Jacobians, and AQ" is O(h)
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Local Time Linearization

Kt K Ky

—uf + Ky d? K+ 0 — (v —2)kgu  Kyu — (v — 1)k
—v0 4 ky¢? kv — (Y= DEyu ke 40— (v — 2)kyv
0[¢* — a1 kyap — (v — 1)ub kyar — (v — 1)vl

N Oey
21 = =<
oq

(7 - 1)”90
(v = sy
70 + ki
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Local Time Linearization

Q)

a p €1 pU
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4 e €y Ule+p) —&p
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I pue + T puPEy + T puve,

1 1
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Local Time Linearization

. Oep 05 033 | E(v—1) @
as1 = aal = ga: (/]\% fy a\% + 2
(v —1
= —&uP— Eyuv + & (72 )u2 +
gz v 1
Viscous terms
0 0 0
o gt | ma @7 asdy(p7)
ma1 azdy(p')  asdy(pt)



Local Time Linearization

where

ma1 = —a10y(u/p) — 20y (v/p)

g = — 38, (u/p) — a38,(v/p)

My = 10y [—(e/p?) + (u? + v?)/p]
—18,(4?/p) — 2030, (uv/p)

a3, (v*/p)

Mys = —au 0y (u/p) — mar

my3 = —a43n(v/p) — ms31

May = as0y(p~1)

a = pl(4/3)ma” +ny%), a2 = (u/3)namy

as = pne? + (43,2, as=yuPrt(n2 +n,?)



Local Time Linearization

Let's derive the moo term

~ ai a2
A

_ m(B), w0 (5)
J on \q1 J on \q

Un

52



Local Time Linearization

J(q2 + €AGz) — f(q2)

a(}\z e—0

= 1im{

%3
J On

HeAp\ a1 d (@ Je
q J on \ q1

)|
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Local Time Linearization

I+h6A" —hLe + hé,B" — hL, — Re 'h 57]1\7} AQ" =

~ h(0E" ~ D +6,F" — Dy ~ Re™',8")
Difference operators operate on the product, including A@", for example
1 An An A’I’L A’I’L
§h(Aj+1,kAQj+l,k — Al AQT )

Keep in mind that A@” is unknown — we are solving for it
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Matrix Form of the Unfactored Algorithm

|1+ hoe A" + ho, B"| =

I hA/2 hB/2
—nAj2 I hA/2 nB/2
—hAj2 T nA/2
—hAj2 1 hA/2
—hB/2 —hA/2 1 hA/2
7h§/2 7ILA\/2
—hB/2
—hB/2

hB/2
hB/2
hB/2
I hA/2
—hAj2 T hA)2
—hAj2 T
7/1,B/2

7}1§/2

hA/2

—hA/2

}LE/Q
hB/Q

I hA/2
—hAj2 T




Approximate Factorization

Left-hand side terms:
|1+ hd¢ A" + 1o, B" ~ hRe™'6,M"| AQ" =
|1+ hde "] [T+ hs, B" — hRe™'6,M"] AQ"
—h26¢ A"6,B" AQ" + h?Re~ 6. A6, M"™ AQ"
Neglect O(h?) terms to obtain
|1+ hoe A" | [14+ 06, B~ hRe™'8,M"| AQ" =

— h[FB" +8,F" — Re7'6,5"]
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Approximate Factorization

1
—hA/2

(14 hoeA"] =

hA/2
I
—hA/2

hA/2
1

hA/2

—hA/2

I
—hA)2

hAj2
1
7h/1/2

hA/2
I
—hA)2

[+hd: A" AQ = —h [6¢E™ + 5, F" — Re16,5"
[ } [ ]

[I + o, B" — hRe*lanJ\?”] AQ" = AQ

hA/2
1
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Diagonal Form of The Implicit Algorithm

Matrices A and B can be diagonalized:
Ae =T, 'AT: and A, =T, 'BT,
Without approximation we can write for the Euler equations
TeT 4 h 0 (T AT )| [T, T 4+ 0y (T, 8, T, )] AQ
= —h 0B + 0, "] = B
Pull eigenvector matrices out of spatial operator
Te[I+hoe Ae] N [I+hé, A, T, 'AQ™ = R™

where N = Tg_lTn
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Convergence Acceleration for Steady Flow Computations

Local Time Stepping

Goal is to maintain roughly constant (optimal) Courant number

~ (lul +a)h
Co = Az

Atye
At = !
U1+ [VI+ay/€2 + & +n2 + 3

Variation in mesh spacing typically far exceeds variation in wave speed

At ‘ ref

At =
1+VJ
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Dual Time Stepping for Unsteady Flow Computations

Consider second-order backward implicit time-marching:

1
Un+1 = §[4Un — Up—1 + 2hu;;+1]

Gives
~ 4 ~ 1~
ntl _  Z~An _ —n—1
Q 50" —=0Q
2h

n+1 n+1 non n - an
+ 5 (=8B 4 DEFt = 6, P 4 Dyt 4 Re~16, 571
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Dual Time Stepping for Unsteady Flow Computations

After local time linearization and approximate factorization we obtain

2 ~ 2 ~ 2 —~ ~

|:I + 3h(5€An:| |:I + ?h(San — 3hR€_1(577M”:| AQ” =
~ ~ 2 ~ ~ ~
Qn _ Qn—l _ ?h |:(5€En + (SnFn _ R€_15n5":|

Rather than linearizing in time, we can solve this nonlinear problem at
each time step to eliminate linearization and factorization error
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Dual Time Stepping for Unsteady Flow Computations

An+1 _ 4An An—1 .
& 265 O R@) =0

RQ™) = [0 B+ — D+t 4 6, P4t — Dyt — Re 1,8

. 3A_4An An—1 .
R(@) = LC Y k)

R,(Q)=0
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Dual Time Stepping for Unsteady Flow Computations

dQ ~
RE A
AT ~
- TRII(QP)
3AT
p— 1 —
b + o

AT can be chosen for fast convergence (independent of At, which is
chosen for time accuracy)



Boundary Conditions




Characteristic Approach (Euler Equations)

Consider 1D Euler equations

Eigenvalues of A are

Diagonalized form

O (X7'Q)+ M40, (XT'Q) =0
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Characteristic Approach (Euler Equations)

inflow outflow

u U
u—+a U;O u—+a
u—a u—a

M<1 M<1

Characteristics at subsonic inflow and outflow boundaries of a closed domain

In a supersonic flow all eigenvalues have the same sign
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Boundary Conditions for External Flows

Body Surfaces

Inviscid flow: flow tangency condition

y, = BUEmY oy
S
v NEAR

Nyt — NV

NURR

My

Set V,, to zero, extrapolate V; from interior

Solve for values of u and v at the surface

o+

)

3



Boundary Conditions for External Flows

Body Surfaces

Viscous flow: no-slip condition plus adiabatic or isothermal condition:

T
u=v=0 and 8—:0 or specify T
on
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Boundary Conditions for External Flows

Far-Field Boundaries

M=Ve—a, Ri=V,-2a/(y-1)
Xo=Vo+a, Ry=V,+2a/(y—1)

Az =V, R3=S=In p% (entropy)
A= Vo, Ry =V,

Subsonic inflow (V;, <0): A\ <0, Ao >0, A3 <0, \y <0
— Set Ry, R3, and Ry, extrapolate Ry from interior
Subsonic inflow (V;, <0): A\ <0, Ao >0, A3 >0, \y >0

— Set Ry, extrapolate Ry, R3, and R, from interior
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